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Abstract—Pump and probe scalar atomic magnetometers show
incredible potential for real-world, traditionally difficult measurement
environments due to their high dynamic range and linearity. Previously,
it has been assumed that these scalar magnetometers have a flat
response across their bandwidth and flat noise floor. Here, we show
that standard fitting routines, used to extract the magnetic field, result
in a nonlinear frequency dependent response across the sensor
bandwidth, due to the time-averaged nature of such free precession
measurements. We present an analytic correction dependent on dead-time, and show how this equation can also
correct the sensor spectral density. The maximum in-band amplitude loss approaches 29% as the frequency of
interest becomes the Nyquist frequency, making a significant correction for applications such as source localization in
magnetoencephalography (MEG). These pump and probe atomic magnetometers are also known to have large aliasing
of out-of-band signals, and we propose a scheme where the frequency of out-of-band signals can be identified by
performing fits with varying dead-time on the raw free-precession sensor data.

Index Terms—Sensor phenomena, atomic magnetometers, magnetic sensing, magnetoencephalography (MEG), magnetometry.

I. INTRODUCTION

The research and commercial development of miniature high-
performance atomic sensors has matured over the past few decades [1],
[2], [3]. Much of this development occurred as a result of key minia-
turization innovations, such as single-mode vertical cavity surface-
emitting laser (VCSELs) and anodically bonded alkali vapor cell tech-
nology. As an extension of laboratory work done in the early 2000’s [4],
commercial near-zero field atomic sensors have shown great promise
for magnetically shielded magnetoencephalography (MEG) studies
that involve minor motion [5], [6]. Conventional commercial MEG
systems are cryogenically cooled SQUID arrays that consist of hun-
dreds of gradiometers, that are used within a magnetically shielded
room in a clinical setting. Though SQUID systems are currently the
dominant commercial technology, there is interest in developing a
small, portable MEG system that works unshielded in ambient en-
vironments. Recently, pump and probe scalar atomic magnetometers
that work unshielded in ambient environments have been shown to
perform well enough to detect signals from the human brain [7].
These scalar magnetometers are useful for such applications, as they
a high dynamic range and linearity that stem from a noncalibrated
frequency measurement of magnetic field, rather than a calibrated
voltage measurement of magnetic field [8], [9], [10], [11], [12], [13].
Currently arrays of the pump and probe scalar magnetometers are being
fabricated for use in source localization in MEG trials, where existing
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MEG algorithms need modified for use with scalar sensors [14].
The bandwidth of pulsed free-precession scalar magnetometers are

typically defined by half the repetition rate of consecutive pump and
probe cycles, where one magnetic field is extracted during each probe
cycle. The resulting response across the sensor bandwidth was previ-
ously considered flat. Here, we show a frequency-dependent correction
is needed for the response, and give a formula that is able to represent
the curvature of the noise floor in the spectral density. Such a correction
becomes important for a variety practical use cases of the sensor,
including source localization for MEG, when using a sensor where
the frequencies of interest are more than half the Nyquist frequency.
In addition, free-precession magnetometers based on the magnetic
resonance of polarized protons [15] or 3He [16], [17] have been
available commercially and used for a number of years, for magnetic
surveying and space-borne magnetometry, and the corrections herein
apply to those systems as well.

To form a scalar atomic free-precession magnetometer, 87Rb vapor
is optically pumped with resonant 795 nm circularly polarized light
from a nonmagnetic, compact, narrowed edge-emitter semiconductor
laser within the sensor head, to create large atomic polarizations
(>80%) in a plane transverse to a total magnetic field B [see Fig. 1(a)].
After a pumping period, a detuned linearly polarized probe beam
from a VCSEL or distributed bragg reflector (DBR) laser undergoes
paramagnetic Faraday rotation due to its near-resonant interaction with
the polarized 87Rb atoms in the transverse plane. The optical rotation
of the light is detected using a balanced polarimeter consisting of a
polarizing beamsplitter cube and two photodiodes that are each sent
into transimpedance amplifiers and subtracted using an analog circuit.
The resulting voltage time series data is then assumed to take the form
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Fig. 1. (a) Scalar 87Rb magnetometer is operated by pumping spins
transverse to a bias field, then detecting. (b) Free precession by a
linearly polarized probe beam that undergoes Faraday rotation into a
balanced polarimeter. (c) Free precession frequency ω over a repetition
can be found by extracting the phase accumulation through a Hilbert
transform of time-domain data, followed by a linear regression to the
phase φ versus time t , to obtain the slope and thus frequency ω of
the free precession decay. This frequency can then be related to the
magnetic field B through the gyromagnetic ratio γ , B = ω/γ .

of a exponentially decaying sine wave [7], [18], [19], [20] as follows:

A exp(t/T2) sin(ωt + φ0). (1)

While using (1) is not entirely representative of the dynamics at
Earth-scale fields of approximately 50 µT, due to the nonlinear Zeeman
splitting causing different precession frequency of the F = 2 and
F = 1 manifolds, the F = 1 is often small with quickly decaying
signals relative to the F = 2 state [19], so the frequency chirp within
the shot caused by the effect is neglected. Time-series data from a single
cell of the analog output of a Twinleaf optical magnetic gradiometer
(OMG) is shown in Fig. 1(b).

Extracting a field is a task of finding the frequency in (1) and dividing
by the effective 87Rb gyromagnetic ratio. The signal is faithfully digi-
tized if the dynamic range of the digitization can, for example, capture
the maximum amplitude typically on the order of volts, while resolving

the photon shot noise that may range from 20–200 of nV/Hz1/2. If
Gaussian photon shot noise is the dominant noise, the Cramer–Rao
lower bound can be derived for the frequency error estimate σ f from
fitting a decaying sine wave as follows:

σ f =
√

12C

2π (A/ρ )T 3/2
Hz (2)

where A is the initial sine wave amplitude, ρ is the white noise in
units of V/Hz1/2, T is the measurement time, and C (in our limit of
high sample rate) is a constant that takes into account the exponential
decay relative to the measurement time T [20]. By including mea-
surement dead-time Td , e.g., from pumping and heating, we form a
repetition rate fr = 1/Tr = 1/(T + Td ) to determine the bandwidth
of the sensor, BW = 1/2Tr . A bandwidth-free estimate of the scalar
sensor sensitivity can then be obtained by taking σ f /BW1/2.

Time series data may be fit to (1) by using a nonlinear least-squares
regression scheme, such as the Levenberg–Marquat algorithm, which
interpolates between Gauss–Newton and gradient descent. These
schemes need to be seeded well, and can be computationally expensive,
prohibiting a real-time portable fitting solution.

For real-time operation, pulsed free-precession sensors need fast
fitting routines to extract a frequency from a decaying sine wave.
One such method is to form the analytic signal from the voltage time
series data x by using a discrete Hilbert transform, or its approximate
finite-impulse response (FIR) filter [18], [21]. Practically, the Hilbert
transform amounts to taking a conventional fast Fourier transform,
zeroing out negative frequencies, and transforming back to the time-
domain to obtain the analytic function z = x + iy (see Python package
SciPy scipy.signal.hilbert() implementation). The accumulated phase
φ can be obtained by taking φ = arctan(y/x), with the same data rate
as the digitization of the raw voltage signal. To obtain the precession
frequencyω of the 87Rb, the slope dφ/dt = ω can be found, and in turn,
the experienced magnetic field B = ω/γ , where γ /2π ≈ 7 GHz/T is
the low-field gyromagnetic ratio of 87Rb, due to its spin-3/2 nuclear
slowing down factor. The slope dφ/dt can be efficiently extracted
using a linear regression y = Xβ, where y is the phase data, β contains
the slope m, and intercept b of the fit, and

XT =
[

1 1 . . . 1

t0 t1 . . . ti

]
. (3)

The regression can be solved by many different efficient methods such
as an updating simple linear regression [22], or by using a precalculated
matrix � = (XT X)−1XT to find β = �y. Across many repetitions for
the sensor, one then has a time series of magnetic field data with
repetition rate fr , where a spectral density can be found, and noise
floor obtained by fitting to the power spectral density.

In previous works of pulsed free-precession sensors, it was assumed
that this sensitivity was flat across the bandwidth of the sensor,
i.e., no in-band, frequency-dependent degradation of response of the
magnetometer. However, one must consider the effects of using a
time-integrated measurement of data, as the instantaneous frequencies
are averaged across a single repetition of the sensor, which leads to a
decrease in perceived amplitude of sinusoidal waves being imparted
on the sensor. (An analogous situation is that of reporting a Vrms instead
of a Vpeak.) The results of any linear regression of time-dependent data
to the form φ = mt + b can be expressed as follows:

m =
∑N

n=0 tiφi∑N
n=0 t2

i

= tφ

t2
(4)
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Fig. 2. Theoretical frequency dependent amplitude correction needed
for the free-precession scalar magnetometer.

where, without loss of generality, we have offset the y-axis such that
b = 0, and take the limit of the number of acquired data points to infin-
ity and spacing between data points to zero. The phase accumulation
of the 87Rb atoms can be expressed in terms of the magnetic field they
experience as follows:

φ = γ

∫ T/2

−T/2
B(t )dt (5)

where without loss of generality, we have centered the x-axis about
t = 0. Assuming static fields, we obtain the familiar expression φ =
γ Bt , and the appropriate slope extracted from the linear regression of
m = γ B. If we allow for oscillating fields along a ẑ bias field B, we
have B(t ) = B + bz sin(ωzt + φz ), resulting in a phase accumulation
as follows:

φ(t ) = γ Bt + γ bz

ωz
sin(ωzt + φz ). (6)

Letting φz = 0, we have the linear regression for the slope that now
gives the following:

m = γ B + γ bz
12 f 2

r

ω2
z

(
sinc

ωz

2 fr
− cos

ω

2 fr

)
. (7)

(Note a similar equation is also obtained in [23], where the authors
provide a brief general analysis of linear regression fitting for fre-
quency counters.) For the scalar magnetometer, one must also incor-
porate dead-time, with can be done with the substitution ωz/2 fr →
ωz(1 − frTd )/2 fr = α, resulting in an amplitude response as follows:

3

α2
(sincα − cos α). (8)

In Fig. 2, we show the effect of dead time on the signal amplitude
correction. In the limit of 100% dead time, the frequency measurement
becomes instantaneous, and there is no correction required. We note
most free-precession magnetometers post their magnetic noise floors
with logarithmic scaling along the sensitivity axis, making the effect
hard to see in the spectral density analysis. The time-integrated field
correction is needed for any fitting routine that assumes the model
equation is a single frequency sine wave as in (1). There is no a priori
method to incorporate the magnetic field frequency dependence within
such a fit, unless there is only a single frequency of interest, or a very
narrow frequency band to be corrected. Thus, statistics need to be
collected in order to generically correct time-domain data that contains
many unknown frequencies at different phases and amplitudes, as per
the time-frequency uncertainty relation. To study the scalar correction,
we again use an OMG, which uses two magnetic field measurements
in two anodically bonded, microfabricated cells each with 3 × 3 ×
3 mm3 active volume and single optical axis. A single probe and single

Fig. 3. Out-of-band alternating current (AC) waves are applied along
the bias field axis of a free-precession sensor, with magnetic field
time fit to sine waves to extract amplitudes. Three different dead time
fractions are shown, along with the no-free-parameters theory of (8). A
blue dashed line at 1.5 BW and green dot-dashed line at 2.5 BW are
as drawn as aids.

pump beam contained within the sensor head are combined, split, and
sent into each cell, resulting in one axis as the sensor dead zone. The
OMG is controlled and processes data through a proprietary electronics
board and control software. For frequency extraction, a similar linear
regression is used as the above description, and can be programmed
through a simple python script to change repetition rates and blanking
times for the real-time fitting routine; altogether the magnetometers
on the OMG have been shown to reach 0.1 pT/

√
Hz with a bandwidth

of 240 Hz.
The OMG is placed within mu-metal shielding, along with a mag-

netic coil set that is able to provide up to about 60 µT along the
z-axis. To generate sine waves, a Keysight 33210A arbitrary waveform
generator (AWG) is programmed for a given frequency, resulting
in a modulation along the bias field of about 14 nT in amplitude.
Time-series magnetic field data are collected, and the magnetometer
response to the modulation is fit to a sine wave using a nonlinear
fitting routine. The results of a experimental run are shown in Fig. 3,
where the response of the scalar magnetometer is shown outside of
the bandwidth of the sensor, for three different dead-time fractions of
roughly 25%, 50%, and 75%. Here, we see that while the smallest
dead-time has the greatest degradation of in-band response, it suffers
the least from large aliasing of out-of-band signals. On the other hand,
while there is no need for correction in the limit of an instantaneous
frequency measurement when the dead-time approaches 100%, there
is also a very large aliasing of out-of-band signals. Plotted along with
the experimental amplitudes in Fig. 3 are the no-free-parameter curves
of (8). The zero crossings of (8) are sensitive to dead-time fraction,
indicating a parameter-free fit within 1%; also at the zero-crossings,
there is a response inversion, as shown in [23].

Here, we propose a scheme to identify aliased frequencies by fitting
the same magnetic field data stream with varying dead-time fractions.
For example, assume the bandwidth of sensor is 1 kHz, and a 500 Hz
signal is observed in the spectral density. One can take the ratio of signal
heights using different dead-time fractions to determine if the observed
500 Hz signal is instead a 1500 Hz or higher harmonic signal aliased
in. A 1500 Hz signal will have a 75% dead-time fit over 25% dead-time
fit amplitude ratio that is roughly a factor of about 1.4 (blue dashed
line), compared to a 2500 Hz ratio of about 2.2 (green dot-dashed
line). More than two dead-times can be used to avoid uniqueness
issues, to create a method of fingerprinting high frequency aliased
signals, and rejecting or utilizing them if needed. Theoretically, the
loss of sensitivity by increasing the dead-time from 25% to 75% in
(2) is roughly a factor of 3–5, depending on the exact T2 in relation to
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Fig. 4. Pulsed sensor data is taken with a sum of many sine waves
of different phase, amplitude, and frequency. We show the raw mag-
netometer data can be generically corrected in the complex frequency
domain and transformed back into the time-domain using (9).

measurement time T . Using a fixed dead-time of 25%, increasing the
repetition rate in order to increase the bandwidth of the sensor results
in a linear loss of sensitivity in proportion to the repetition rate. As
another example, increasing the repetition rate from 2 kHz to 10 kHz,
causes a loss of sensitivity of about a factor of 4–5, keeping all other
system parameters the same (note that sensitivity can be recouped in
the physical system by increasing the temperature of the cell to increase
atom density helps while increasing the bandwidth, up to the limit of
available pump power). Compare this to the situation of analyzing
aliased data of a 5 kHz signal using a 2 kHz repetition rate (1 kHz
bandwidth) with 25% dead-time, there is a loss in amplitude response
of about 30%, and as mentioned above, an inherent loss of sensitivity
in the noise floor of about a factor of 3–5. One can also sample the
75% dead-time data 3 times per shot, resulting in a

√
3 averaging

advantage, leading to a overall loss in sensitivity of about 3–5. Thus, by
identifying aliased signals, one can transform a lower bandwidth scalar
sensor to a high-bandwidth sensor with similar results as increasing the
repetition rate of the scalar sensor, while retaining higher sensitivity
to low-frequency signals by retaining the low dead-time fit.

To correct the spectral density of the data, (8) can be applied in
the complex frequency domain with desired frequency resolution as
determined by the time-frequency uncertainty principle. For example,
with the transform to N time-series points where F can be a N × N
matrix representing a discrete Fourier transform, and C is a set of N
dependent on ωz where the constants of C are applied row-wise to F.
To obtain the corrected time domain data, an inverse transform can be
applied, resulting in a transformation matrix 
 of


 = F−1CF. (9)

To test this methodology, the magnetic sensor is fed a sum
of sine waves along the bias field, from a programmed AWG
of different frequencies and phases. Here, we used frequencies
of {1, 9, 28, 37, 63, 100, 111, 133, 163, 177, 190, 205, 231} Hz and
phases {0, 3/4, −3, 3/2, −3/8, 3/16, 0, 2, −3/4, −4/3, 4/3, 3/16,
3/32}, with every other amplitude in the set being 18.9 and 9.43 nT
amplitude. Data is recorded for 5 s, and then independent time-domain
sine waves are fit to extract amplitudes. The correction 
 is applied
using a td ∗ fr = 0.38, and then the independent time-domain sine
waves are again fit, and corrected amplitudes are extracted. Results
are seen in Fig. 4, with the corrected amplitudes roughly matching the
input wave amplitude. For real-time correction, it may be preferable
to map this problem to an appropriate FIR filter representation.

We have shown that, due to the time-integrated measurement of
fields used in spin-based free-precession magnetometers, there is a
nonlinear amplitude response across the magnetometer bandwidth.
This correction can be applied to arbitrary phases and fields in the
complex frequency domain. Moreover, this effect also provides a
solution for aliasing out-of-band frequencies for such sensors. By
correcting the frequency dependent sensor response, applications such
as source localization in magnetoencephalography studies can be made
more accurate.
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